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Two regionalmodelsthe SFWMM (SouthFloridaWaterManagemen#odel)and
the NSM (NaturalSystemModel) areappliedto analyzeandpredictwaterconditions
in the Evergladesand SouthFlorida. Both thesemodelsusean alternatingdirection
explicit (ADE) type methodto solve diffusion flow. In this paper threefinite differ-
encealgorithmsbasedn explicit, alternatingdirectionimplicit (ADI) andsuccessie
over relaxation(SOR) methodsare examinedas possiblereplacementsor the ADE
method.Variousmodelsolutionsareverified usinganaxisymmetridestproblemthat
is solved usingan axisymmetrictestmodel. A comparisorof run time versuserror
plotsprovedthatthe ADI methodhasthebestoverall performance.

Thestudyincludesadescriptiorof therelationshipgbetweertheaccuraciesndrun
timesof differentalgorithmsandtheir spatialandtemporaldiscretizationsn dimen-
sionlesdorm. Linearandspectralanalysesreusedto derive theoreticalexpressions
for numericalerror, run time andstability. Comparisonsndicatethattheoreticalesti-
matesof numericalerrorandrun timescloselyapproximatehe experimentalalues.
Resultsof this studyarevaluableasa methodgo determineoptimumspaceandtime
discretization®f future modelingapplicationsvhenthe maximumallowablenumer
ical errorandthe dimensionf the flow featurego be simulatedareknown. Results
canalsobeusedto understandhemagnitude®f numericalkerrorsin existingmodeling

applications.

INTRODUCTION
The overlandflow componenbf hydrologicandhydraulicmodelsis commonlysimulatedoy
solvingthe St. Venantequationor its approximateforms. Overlandflow playsa significantpart

in the hydrologic processin the Evergladesand other areasof SouthFlorida. Selectionof the
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properdiscretizatiorandthealgorithmfor suchmodelsis important,in orderto obtainsufficiently

accurateesultsattherequiredresolutionwith aminimumruntime.

A numberof algorithmshave beenusedin the pastto solve the completeSt. Venantequa-
tions that govern overlandflow. Chaov andBen-Zvi (1973)andKatopodesand Strelkoff (1978)
developedearly solutionmethodsbasedon thefinite differencemethod,while Fenner(1975)and
othersdevelopedapproachethatusedthe finite elementmethod.Higherordermethodspasedn
theMacCormackmethod(GarciaandKahawita, 1986)andthefinite volumemethod(Zhao,etal.,
1994)have beenrecentlyusedto improve theaccurag of rapidly varyingflow. Whenthedynamic
components significantlylarge, asoccurringin rapidly rising waterlevelsanddam-brealflows,
the completedynamicequationsmustbe solved. Thetime steprequiredfor mostof theseexplicit

modelsis governedby the Courantcondition,which sometimegesultin long runtimes.

Areassuchas SouthFlorida are characterizedy large arealextent, low slopes,widespread
pondingandslow regionalflow dynamics.Kinematicwave modelsareinadequatdor thesecases
becausehey neglectbackwatereffects. Dynamicmodelsare however not necessanaccordingto
thetheoreticakonditionslaiedoutby Ponceetal. (1978).Diffusionflow modelshave beenfound
to becapableof simulatingtheseregionalflow conditionsaccurately(Fennemaetal. 1994). Akan
andYen(1981),HromadkaandLai (1985)andothershave shavn thatthe diffusionflow equation
canaccuratelyrepresenmary of the flow situationsfound in nature. Diffusion flow modelses-
sentiallyneglectthe inertiatermsin the St. Venantequations.The diffusionflow equationcanbe
writtenin termsof dischage,for hydrologicapplicationsandin termsof flow depthfor hydraulic

applications.

In additionto the time steplimitation underexplicit conditions,mostdynamicmodelsintro-
ducenumericalerrorsandinstabilitieswhenthe cell sizeis small,andthe topographicdatashav
relatively largevariationsin depthovertheseshortcell lengthg(Tan,1992).Zhaoetal. (1994)used
a Riemannsolver to handlethis caseasa discontinuity Smoothingis an alternatve methodthat
canbe usedpreventoscillations. Diffusion flow modelsdo not have this problembecauseénertia

termsarenot consideredn the solution. Diffusionflow modelsonly have onepartial differential
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eqguationto solve for waterlevel, comparedvith 3 coupledpartial differentialequationgequired
for complete2-D dynamicflow usingSt. VenatequationsUnlessthe dynamicnatureof flow con-
ditions dictateotherwise diffusionflow modelsoffer computationahdvantagedor areassuchas
SouthFlorida. The conditionsunderwhich completeSt. Venantequationdave to be used,instead

of diffusionequationscanbedeterminedisingtheguidelinesproposedy Ponceetal. (1978).

A numberof methodshave beenusedto solve 2-D diffusionflow equationghatarewrittenin
termsof depth. Xanthopolousand Koutitas(1976) usedan explicit method. Hromadkaand Lai
(1985)usedan explicit methodwith linearizationascarriedout by Akan andYen (1981)in their
1-D model. The Natural SystemModel (NSM) andthe SouthFlorida WaterManagemenModel
(SFWMM) developedby SFWMD (Fennemaet al. 1994)usea modifiedversionof the alternat-
ing directionexplicit (ADE) methodto solve 2-D diffusion flow. Almost any numericalmethod
thatis usedto solve lineardiffusionequationsanalsosolve the linearizedform of the 2-D diffu-
sionflow equationsThe methodsavailableincluderelaxationmethodswith differentacceleration
algorithms,andthe ADI methodthat usesthe Thomasalgorithmto solve the tri-diagonalmatrix

(Pressetal., 1989).

The demandis increasingto obtain more accurateand detailedflow solutionsfrom regional
modelsfor SouthFlorida. Selectionof the properspatialandtemporaldiscretizationss important
in orderto apply available computerresourcesnosteffectively. One purposeof this studyis to
comparethe performance®f different2-D diffusionflow modelsbasedon numericalerrorsand
run times. The studyincludesstability, erroranda run time analysisusing both theoreticaland
experimentaimethods Resultsof the studyareusefulasa meango determinghe optimumspace

andtime discretizationgor nev modelsandto understandhenumericalerrorsin existingmodels.



GOVERNING EQUATIONS
Overlandflow canbe simulatedby applyingthe depthaveragedlow equationghatarecommonly
referredto as St. Venantequations. Theseequationsconsistof a continuity equationand two

momentumequationsThetwo dimensionaktontinuity equationfor shallov waterflow is

oh od(hu) ad(hv) .
Fr +a—y—RF+IN+ET_O (1)

in which u andv arethevelocitiesin the x andy directions;h = waterdepth;RF = rainfall; IN =
infiltration; ET = evapotranspirationRF, IN andIN areexpressedn unitsof length/time. Using

waterdepthasa variable the momentumequationsn x andy directionsare

d(hu)  a(u?h) a(uvh) d(h+2) B

5 + I + 3y +hg 3 +ghSix=0 (2)
a(hv) a(uvh) a(v?h) d(h+2)

h hS:, =
at+ax+ay+gay +0ghSty=0 3
in which Sy, Sty = friction slopesin x andy directions.After neglectingthefirst threetermsthat
contribute to inertia effects, the momentumequationin x andy directionsreducego %—E = —Siy
and%—g = —Sty in whichH = h+ z= waterlevel abose a datumandz = bottomelevationabove

1

the datum. The Manning’s equationV = %hés;% is written in the directionof flow, in whichn =

Manning’s coeficient; V = v/v2 + u?2 = magnitudeof the velocity vectorandS; = friction slope.

In diffusionflow, St = S = slopeof thewatersurfacecomputedas (%—ﬂ)z—i— (%—C)Z.
HromadkaandLai (1985)shovedthattheflow velocity componentsl andv canbe expressed

in thefollowing form usingthe Manning’s equation.

h$ oH  KoH

T Th/sox T hox )
__hioH Ko ©)
 n/Sody  hay
in whichK is expresseds
K —h% f S| >0 d h>h (6)
s OIS > fin
K =0 otherwise (7)



If a genericequationof thetypeV = %hV% is usedinsteadof the Manning's equation,K in (6)
become%h\”l@*l. Many wetlandflows requirean equationin this form. The conditionh <
hmin IS usedto facilitate wetting and drying, and d is usedto maintainK within finite limits.
O~ 1.0x 1077 andhnin = 0 areusedin the study K is usefulin linearizingandsimplifying the
diffusion flow equations.Without the sourceterms,the continuity equationl for the governing

equationcanbeexpressedising(4) and(5) as

oH 0 oH 0 oH
A ox (Ka} Tay (Ka—y> (®)

K is a measureof the hydraulic conductvity in groundwater equations. Sourcetermsare not
consideredn the currentstudy Thelinearizedform of the overlandflow equationis similarto the
groundvaterflow equation. Any of awide choiceof algorithmscanbe usedto solve thelinearized

equation.

NUMERICAL ALGORITHMS

Four differentfinite differencemethoddor solvingthe 2-D overlandflow equationsareevaluated.
Sincethegoverningequations basedn conserationprinciples,afinite volumetypeformulation
wasusedin this study With rectangulagrids,theformulationis similar to the MAC (marker and
cell) type formulationthat was usedby Xanthopolousand Koutitas(1976) and usesthe average
waterstageof cell (i, j), denotedy Hir"j , tocomputeflowsacrossell boundariesin thederivation,
the easterrcell boundaryof cell (i, j) for example,is markedas (i + %). The continuity equation
for cell (i, j) givesthefollowing expression.

At At
HI'f = Hj 0 Quat (H™H) 15 + (1 @) Qnar(H") 1p (9)

in which AA = Ax x Ay = areaof the cell; Qng = netinflow to the cell asa function of heads;
o = weightingfactorfor semi-implicitschemesg = 0, 1, and0.5 for explicit, implicit andCrank

Nicholsontype schemesndn = time step.Qng IS computedas
Qnet = Kip g1 j(Hivej—Hij) +Ki_y ;(Hi-gj —Hij)
+Ki 1 (Hijra—Hij) + K s (Hi o —Hi j) (10)

in whichK valuesareobtainedusing(6) and(7). Explicit methodsandlinearizedmplicit methods

useK valuesof the previoustime step.WhencomputingK atthe eastface(i + %, j) for example,

5



hi+% | = 0.5(h; j +hi;+1,j). Evaluationof S at cell facesrequiresat leastthreegrid points. In the
caseof theeastface(i + %, j) of cell (i, j) for example,
r2

1
§ (easty= 1 |(Hiv —Hi)*+ gp(Hisa s+ Hijra—Hipyjoa—Hijo1)? (11)

in whichr = ﬁ—i‘,. The ADE methodusesthe following expressiondor S for both eastandsouth

faces.

£= & [(Hitaj—Hi )%+ r2(Hij —Hij 1)) (12)

Boundaryconditionshave to be definedat all outsidefacesof boundarycells. If Hy j is an
exampleof a boundarycell (1,j) with a cell wall facingwest,a known headboundarycondition
is expressedasHy j = f(time). A known dischage at the faceis expressedising (9) and (10)
for massbalancereplacingK%’j(Ho,,- — Hy,j) with theknown dischage Qg. A no-flow boundary
conditionis derivedby assigningQg = 0. With ADI methodsthe sameno-flow boundarycanbe

approximatedisHy i+ = H7#™.

The explicit method
The explicit methoduses(9) and (10) with a = 0 to computeHir,‘jJrl. The entireright handsideis
known from the previoustime stepincludingtheK values.Thetime stepis limited by the stability

condition.

The ADE method

The overlandflow algorithm usedin the NSM and SFWMM modelsfor SouthFlorida usesa

modifiedADE (alternatingdirectionexplicit) method(Fennemaetal. 1994).It hasaddedeatures
that allow the use of time stepsexceedingthe stability limit for explicit schemes. Stability is

achiezedby limiting the volumeof waterthatentersor leavesa cell to thevolumeavailablein the

cell thatwould not createareversewatersurfacegradient. Thefollowing computationsrecarried

outwithin atime step,in thesequencshavn, usingupdatedvaluesat eachstep.

( \ A
" N i+3,]
HY = Hij + S
HY = My - Jed
{ L el viA,.f\l \ for j=2,3,..M, i=12..N-1 (13)

HY = HY + %2
*ok * \/i:i—z

| Hij-1 = Hijoe - - )




in whichVi_ 1 ; andV, ;_; etc. arethe volumesof watercrossingfrom cellsin the eastandthe
southintocell (i, j) ; N, M = numberof cellsin x andy directionsrespectrely; AA = areaof acell

= Ax Ay. Thesuperscript shovstheupdatedvaluesatary givenstep.

Viy 1= Sign(H 1 — H) min [058A( R, L — Hi 1)K 1 AHY 1) — H 1), W 08] (19)

Vi3 = sign(H{_; — Hi5) min [o BAA(H_1 — Hij[), K

i 1At(|HIj 1= ifj|)ahik,j—1AA} (15)

ij—
in which thefirst terminsidesquareparenthesegivesthe volumeneededo preventreverseflow
gradients.The seconderm givesthe volume computedusingthe Manning's equation. The third
term providesthe volume availablein the sourcecell. This algorithmis unconditionallystable
evenat large time steps.However, thereis a propagatiorerror thatoccurswith large time steps,
becausea disturbancecantravel only onecell lengthduring onetime step. The numericalerrors

arestudiedin theerroranalysisthatfollows.

The ADI method
The alternatingdirection implicit methodis the most efficient amongall the solution methods
considered.The massbalanceconditionin (9) and(10) with a = 0.5 formsthe basisfor the ADI

formulation. Following arethe differencingoperatoraisedin thederivation.

Mt

DuHYy = 054 [Kiyy (Hikyj —HY) + Ky (HLy = HY)] (16)
At

DH = 05@[ |1+%(Hir,1j+1_Hir,]j)+Ki,j—%(Hir,]j+1_Hi?j)] (17)

Equationg9) and(10) cannow beexpressedisingthe operatorsas
(1—Dx—Dy)H"/* = (14 Dx+Dy)H/} (18)

By neglectinghigherorderterms,the above equationcanbe solved by solvingthefollowing split

formulationsin sequence.
(1-Dy)Hi'j = (1+Dy)H} (19)

(1-DyH* = (1+DyHY, (20)

Equations(19) and (20) are solved astwo 1-D problemsfor eachrow and column of the 2-D

domainusingthe Thomasalgorithmfor tri-diagonalmatrices. For example,the lower diagonal,
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diagonalandupperdiagonalelementdor (19) canbe expresseds

At

Aj = _0'5—AxAyKi*%aj (21)
At
At

Right handsidesof (19) and(20) consistentirely of known valuesattime stepn.

Linear SOR method

Thelinear SOR methodis basedon the weightedimplicit formulationshown in (9) and(10). It
is shawn laterthatlarge time stepscanbe usedwhena > 0.5. Theaccurag canbeimprovedby
usinga = 0.5asin the Crank-Nicholsortype methods.Equationg9) and(10) areusedto derive

thefollowing equationusedin the SORalgorithm.

ai H{ T + biHTL + R+ dgHY D e HT = iy (24)
in which
8 = %Kw%,j (25)
bij = %Ki_%7j (26)
Cj = %KI,H% (27)
dij = %Ki’j_% (28)
& = —(aj+bij+cj+dj—1 (29)
ai j,bij..., fi j aredeterminedattime n. The SORmethodusingChebyshe acceleratiorandodd-

evenordering,asexplainedby Pressetal. (1989),is usedto solve the systemof equationsn (24).
With odd-esen ordering,one half sweepis carriedout at odd points,andthe otherhalf sweepis
carriedout updatingeven points. As part of the acceleratiorprocessan optimal over-relaxation
is determinedduring the computerrun. A corvergencecriterion basedon the magnitudeof the

correctionis usedto terminatethe relaxations.



A nonlinearSORmethodvery similarto thelinear SORmethodalsocanalsobeusedto obtain
the solution. With suchamethod,a; j, b j,... areupdatedwith every iterationalongwith K. The
nonlinearSOR methodis relatively inefficient. The assumptiorof K asa constantwithin atime

stepis foundto bevalid for mary testproblems.

STABILITY AND ERROR ANALYSIS
Stability of diffusive overlandflow algorithmsis studiedusingthe Von Neumarmethod.Theerror
analysisis carriedout usingspectralanalysis.In the erroranalysis the solutionof the equationis
assumedhsa "sine” functionin complex variableform. The behaior of the schemen response
to the functionis comparedwith the behaior of the governingequationin responseo the same
function. Assuminga solutiondomainof lengthLy in the x direction,a meshspacingof Ax only
allows a minimum wavelengthAnin = 2Ax anda maximumwave lengthof 2Ly. An arbitraryi
th harmonicin the solution over the grid canbe representedby a wave number ky; = iL—Ti with
2L

wavelengthh, = 5. Wave numberk is definedasZT”. In theanalysisaterm@, representinghe

i th harmonicis definedas(Hirsch,1989),

0= katx= 1 (30)
in which ¢, = the phaseangle.@x = 0 andgy = Ttcorrespondo thelowestandhighestfrequencies
in the solutionin x direction. 11/ @y givesanestimateof the level of discretizatiormeasuredsthe
numberof diecretizationperhalf sinewave of the solution. ¢ is the non-dimensionalorm of Ax,

anda @, canbedefinedsimilarly in they direction.

Using ¢« and @, asingle (i, j) th harmonicat time stepn is representedy Eir]je'i‘Pxe'j‘W in
which E{‘j is theamplitudeandl = /—1. Assumingthatthe diffusionequationis linearizedasin
(8) anddiscretizedwith (9) and(10), thefollowing expressiorcanbe derivedfor theamplification
factorp whenAx = Ay and@y = ¢y = ¢ (Hirsch,1989).

_E™1 1-4d(1-0)Bsirt(g/2)

B 144daBsirf(@/2) D)

in which3 = % = non-dimensionalorm of At; d = 1,2 for oneandtwo dimensionabroblems.

Thestability of theschemébasedon linearanalysiss determinedy [p| < 1orp < WEZG) This



conditioncanberelatedto atime steprestrictionfor explicit problemsas

1A% 1
N (32)

in whichr = ﬁ; Above equationsshav that weightedschemesare unconditionallystablefor

a > 0.5.

The amplitudeE™1 after onetime stepof lengthAt of the numericalalgorithmcanbe com-
paredwith the exactsolutionfor the samedurationfor one Fourier componenbf theinitial solu-

tion. A componenthatsatisfieghe governingequations
H(X,t) — Hoe K( X-‘rkyt |kXX I kyy (33)

in which Hg is obtainedfrom Fourier decompositiorof the initial condition. The sameinitial
conditionwhensubjectedo the numericalschemegivenby (9) and(10) givesanerror. Theerror
in amplitudeafteronetime step,expressedsa functionof non-dimensionalt andAx is (Hirsch,

1989) )
_a 1-4d(1—a)Bsin(@/2) 1
T T adapsi(g/2) e 9 59

Theerrorof fully implicit andexplicit modelsis obtainedby expandingthe above equation.
d2[32<p4 dp¢* d?k*K2At2  dKKAAtAX

€= > 12 +...==% > + 12 +... (35)

in which + and — signscorrespondo implicit and explicit modelsrespectiely. For Crank-

Nicholsontype schemestheerrorin the 2-D solutionsis

_B¢* B¢

For 1-D models this errorbecomeg = @ — @ .... Sincetheerroris determineddy ¢ and3
in which3 = i‘/g_ AAtZ, themodelerror canbe easilyrelatedto its parameteranddiscretizations.
If Manning’s n is doubledfor example,At canbe doubledtoo without affectingthe error. If his

doubled At hasto bereducedo 31%of its value.

The numericalerror in the final 2-D solution et after a simulationtime T dependson the

numberof time stepsn, andthe errorat eachtime stepe. et is boundby nig, in whichny = T /At,
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andis calledthe maximumerrorin the study

£1 A @m@ (37)

where k = wave numberof the solution. In the caseof fully implicit andexplicit methods,

1
e ~ 2TKIC@ (LB + )

(38)
in which + and - signscorrespondo explicit andimplicit methodsrespectrely. Equation(38)
showsthatthe maximumerrorin thefinal solutionis approximatelyproportionatlto (3 startingwith

anoffset. Theerrorincreasesvith T, K, k, and.

Run times of algorithms

Runtimesanderrornormsareusedto determinegperformancesf differentalgorithms.Computer
run time for a modelis proportionalto the numberof cells andthe numberof time steps. For a
hypotheticakasewith N andM grid cellsin X andY directionsandn; time stepssimulationtime
T = nAt; the spatialdomaindimensionsareLy = NAx andLy = MAy. Total cputimet; for the
explicit methodis cin:NM or c1£%(k—§ in which ¢c; = acomputerdependentonstantepresenting

runtime percell pertime step.AssumingAx = Ay, anda givenconstannumericalerrortarget,

T (NM)’K ¢ TKAK?
tr=C1— =

B Ly B¢

in which A = areasimulatedoy the model, T = periodof simulation,k = wave numberof anar

(39)

bitrary Fouriercomponentn the solution. Equation(39) shovs thattheruntime increasesapidly

as@ decreaseer thelevel of discretizatiorincreases.
Analytical error estimatesn the studyarecomparedvith numericalerror estimatedor a test

problem. The numericalestimatesare basedon the largesterror definedas ||g||. = max|g;|,

1 <i <N, inwhichgjistheerroratgrid pointi = 1,...N of thesolution.
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NUMERICAL EXPERIMENTS

Numericalexperimentsareusedto verify the accurag of variousnumericalmodelsdevelopedin
the study andto verify the accurag of the theoreticalestimatesof error andrun time. An ax-
isymmetrictest problemis selectedfor the purposebecauset canbe solved with both the 2-D
modelsandthe axisymmetricmodel. The latter is developedby slightly modifying a 1-D model
similarto themodelby AkanandYen(1981).The 2-D modelsusingADI andSORmethodswvere

implementedvith a = 0.5for higheraccurag.

A testproblemrepresentingonditionsof a sinusoidalwatersurfaceprofile anda flat bottom
is usedin the studybecausehe erroranalysisis basedon sinusoidafunctions. The experimentis
designedo mimic someof theflow featuresobsenedin partsof SouthFlorida. Thetestproblem
involves flow over a 160.93km x 160.93km (100 mile x 100 mile square)area. The initial

conditionatt = 0is

H = |04575+0.1525c08——)| m  for < rmm (40)

I'max
H = 0.305m otherwise (42)
in which r = distancefrom the domaincenter;rpa = 32187.9m. A boundarystageof 0.305
m is maintainedandthe simulationperiodT is 12 days. The boundaryis far enoughaway from
wherethe flow occursthatthe effect on the solutionis assumedo be negligible. The Manning’s
coeficientuseds 1.0.RF, | andET arenegglectedin thetest. Theaxisymmetrianodelis basecn

the axisymmetriccontinuity equationfor shallov waterflow with no sourceandsink termsgiven
by
d(hr) N d(uhr)
ot or
in which r = radial distance.The modificationof the 1-D diffusionflow modelto axisymmetric

=0 (42)

conditionsis accomplishedimply by multiplying thelinearizedKi+% by ri+%/ri . Theaxisymmet-
ric problemis solvedusingresolutionsAr = 32.187m, At = 25.92s, which aremuchhigherthan
theresolutiongpossiblewith the 2-D modelsunderthe sameconditions. The 2-D modelrequires
extremely large run times with theseresolutions. With the 2-D model, @ = 0.31is usedwhich
correspond$o Ax = 3218.7m andN = 50. The numericalsolutionwith the axisymmetricnodel

is assumedo be muchcloserto the exactsolutionthanthe 2-D solutionbecaus¢he axisymmetric
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solutionremainwithin 1 x 10~ " mwith higherresolutions Sincetheaxisymmetrianodelhasalso
beenverifiedpreviously underl-D conditions numericalerroranalysisof the2-D modelis carried
outassuminghatthe errorsin the axisymmetricnodearevery smallcomparedvith the errorsto

beanalyzed.

RESULTS AND DISCUSSION

The testresultswith the 2-D modelmatchedcloselywith eachotherandwith the axisymmetric
solution. Table1 shavs selectedesultsfrom the final solutionobtainedwith lessthan4 hoursof
runtime usinga SUN Sparc20. Thewaterlevel showvn is atthe centerof thedomainafter12 days.
Figure 1a shaws a contourplot of the stagesobtainedusinga 50 * 50 grid andthe 2-D explicit
model. The figure shows a circular distribution of flow. Figure 1b shows the stagesat a cross
sectionthroughthecenter The plotsobtainedor all themethodsshow negligible differencegrom

eachother

Thenumericalerroranalysisis carriedout by runningthe modelswith differentcombinations
of timesandspacediscretizations The computerrun time neededor eachof the modelsis mea-
suredusing a SUN Sparcworkstation20 (speed90 MHz, 4.1 Mflops/s measuredwvith linpack
benchmarkest,Dongarra,1993)runningin singleprecision.Figure 2 shows the variationof the
run time with modelerror of the final solutionet. The computedmodelerrorsin the figure are
presentedy expressing|€||. asa fractionof the maximumdepthatt = 0, whichis 0.61m. All
theplotsin Figure2 areobtainedfor a constantp= 0.31or a constan50 x 50 cell configuration
over the area. The curvesshaw, in generalthat more computertime is neededo obtainhigher
accuraciesFigure 2 shows thatthe ADI methodis the mostaccuratefor a givenrun time. Next
to ADI, explicit and ADE methodsperformwell at high andlow accurag rangesrespectiely.
ThelinearizedSORmethodfalls in the mid-rangeof all methodswith regardsto combinedhigh
accurag andfastrun time. The curved natureof SOR methodshows the effect of the adaptve
relaxationexhibited by the method. Therelatively larger scatterin the measuremenf smallrun
timesanderrorsalsohave to betakeninto accounin interpretingresultsin theserangesFigure3
shaws the variation of the curve in Fig. 2 for the explicit modelwhen @ or Ax is varied. Note

thatthe run time variesinverselywith Bg* asexplainedby (39. In thefigure, very small @ values
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contribute moreto excessve runtimesthanto improve theaccurag.

Solid symbolsin Figure4 shav the approximatelylinear variationof the errorin thefinal so-
lution 1 with B wheng = 0.31. The scattershaws the effect of dynamicinstabilitieson the error
estimates.Sincelocal K or 3 arenot constantin diffusion flow models,approximatevaluesare
usedin the study computedusingthe largestwaterdepthandslopeatt = 0. Theseestimatesre
adequatdor the order of magnitudetype error analysis. Local K or 3 valuescanbe extremely
large at nearzero slopes,and causelocal instabilitieseven with very small At. However, these
localinstabilitiesremaincontainedunlessit is large. Figure4 shavs thaterrorsof ADI andSOR
methodsarelow andequaloveralargerangeof 3 becausdotharebasednweightedimplicit for-
mulationswith a = 0.5. WhenusingADI andSORmethodsf3 valuesaslarge as200 give small
errors. With the explicit model, instability begins at the crestand outerfringe of the sinusoidal
solutionwhenf3 ~ 0.1. With the ADI method,signsof tiny wigglesshow up atthefringe at 3 ~
2. Thesenstabilitiesgrow extremelyslowly with increasing3, andremainlocalizedfor mostpart

evenwhenf3 valuesareaslarge as200.

Figure4 alsoshovstheruntimesof themodelswheng= 0.31.For agivenf, Fig. 4 shovsthat
the run time of the ADI modelis only slightly higherthanthe run time of the ADE andexplicit
models. Equation(38) and (39) showv the analyticalrelationshipsfor error and run time. Both
analyticalrelationshipsandresultsfrom modelrunsshav approximatelylinear variationsof the
errorwith [3 startingwith anoffset. Figuresb, 6, 7 and8 for explicit, ADE, ADI andSORmodels
aresimilarto Fig. 4 exceptthatthey areplottedfor anumberof @ values.Thelinesin thesefigures

illustratethetrendsin the datapoints.

The analyticalexpressiongor numericalerrorsandruntimesgivenby (37) and(39) arecom-
paredto the actualerrorsandrun timesof the numericalmodelsin Fig. 9. Only the ADI model
comparisoris shavn in Fig. 9. Usingregressioranalysis,(39) canbefit to the explicit andSOR
modelsusingc; = 3.4 x10-2! and6.1 x10-21 respectiely in the caseof a Sparc20. Figure9
shawvs thatevenif 3 is computedusingroughvaluesof modelparametersthe analyticalexpres-

sionsarecapableof explaining the behaior andthe orderof magnitudeof modelerrorsandrun
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times.

Errorspresentedn Fig. 2—9aremeasuretthe endof themodelrun, andthereforedependn
thenumberof time steps.Figures10and11 shav theerrorsderivedfor onetime step,for explicit
andADI models.Theseresultsareindependenof run times,andthereforecanbe appliedto ary
modelusingsimilar algorithms.Errorspertime steparecomputedapproximatelyby dividing the
errorsat the endof the simulationby the numberof time steps.Figures10 and11 shav thatthe
theoreticalexpressionin (34) is capableof explaining the behaior of the error andits order of

magnitude.

The highestaccurag of a wave componentn a solution obtainedusing a given spatialdis-
cretizationg hasalimit. Figures4, 5, 6 and7 shav thatevenwith extremelysmalltime stepsan
errorremainsin the solutionwith large ¢, andthatit cannotbereducedunlessgitself is reduced.
With ¢ = 2.67 for example,the solutionerror is more than 8% even whenthe smallestpossible
B valueis used. With ¢ = 0.65it is possibleto reducethe errorto about2%. Figure 12 showvs
the maximumerrorin the solutionat differentresolutionsvhenusingexplicit andADI methods.
In the figure, resolutionis also expressedasthe numberof discretizationdor a half sinewave,
computedastt/@. Thefigureis usefulin decidingthe coarsesspatialresolutionof a modelpos-

siblewhenit is requiredto simulateaflow featureof aknown wave numberwith aknown accurag.

The resultsof the studyare usefulin selectinga solutionalgorithmandin obtainingoptimal
discretizationdor a diffusion flow model. An upperlimit of Ax or ¢ is determinedfirst using
Fig. 12thatcanlimit themaximumerrorin the highestfrequeny componenbf thesolutionto the
requireddesignvalue. 3 is selectedchext for a givenmethodusingFig 5-8 or (37). If theruntime
computedfor the methodusing (39) is excessve, 3 or ¢ or both have to be adjustedto obtaina
balancebetweerminimizing the errorandtheruntime. If theruntime s only slightly excessve,
it is sufficientto changep alone.If runtimesareextremelyhigh, ¢ hasto beincreasedo achieve
a smallerrun time, andFig. 12 givesthe smallestwave that canbe simulatedby the modelwith
the new @ with an acceptableaccurag. @ and3 arefinally cornvertedto dimensionalforms Ax

andAt using physicalcharacteristic®f the modeldomain. Resultsof the study are also useful
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in analyzingerrorsin existing models. After computingnon-dimensionadp andf3 for an existing

model,the orderof magnitudeof the errorcanbe determinediusingtheresultsof the study

CONCLUSIONS

A numberof numericalmodelsthatusethe explicit method the ADI methodandthe SORmethod
are developedto solve 2-D diffusion flow equations. The accuracief thesemodelsare veri-
fied usinganaxisymmetricflow problemandan axisymmetriadiffusionflow modelthathasbeen
verified for 1-D problems.A plot of run time versusmodelerroris usedto comparemodelper
formancewwithin variouserrorranges.The plotsshav thatthe ADI methodis moreefficientthan
the otheralgorithmsconsidered. The ADE methodhasa relatively shortrun time and may be
appropriatevhenhigh accurag is nota priority. Explicit methodsequirelongruntimes,but they
aremoreaccurate.SORmethodscanbe efficient undercertainconditionsbecausef the useof

theadaptve relaxationparameter

Analyticalexpressionsverederivedin this studyto describeamplificationerrorsandruntimes,
in termsof non-dimensionaspaceandtime discretizations Theseexpressionsvereshavn to ac-
curatelydescribehebehaior of thesesamepropertiesn thenumericaimodels.Theseexpressions
arecapableof explainingthe behaior andthe orderof magnitudeof modelerrorsandruntimes.
The resultsalso provide maximumdiscretizationg@ or Ax) that canstill maintaingiven levels
of accurag in the high frequeng component®f the solution. Resultsof the studyareusefulin
selectingthe optimal discretizationgor new overlandflow modelsor estimatingthe approximate
numericalerrorsof existingmodels.Resultsof the studyconfirmthatnumericalerrorsin diffusion
flow modelsincreasewith decreasingedroughnesssurfaceslope,andwavelengthof the water

surfaceprofile, andincreasingdepth.
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APPENDIX II. NOTATION

Thefollowing symbolsareusedin this paper:

Variable Definition

A Areaof themodeldomain

Dy, Dy Finite differenceoperatorsn x andy directionasdefinedby (16).

ET Evapotranspiration

E{"j Amplitude of wave relatedto cell (i, j) attimestepn.

g Gravitationalacceleration
Waterlevel abose datum.

{"i Averagewaterlevel of cell (i, j) or row i columnj attime stepn

Waterdepth

I V-1

IN Infiltration

k Wave numberdefinedas 3"

K Constanblefinedash%/(n\/g) whenManning’s equationis used,andwhenfinite.

Lx, Ly Lengthof spatialdomainin x andy directions

Ki+%7j Transmissiity K betweercells (i, j) and(i+ 1, j)

N, M Numberof discretizationsn x andy directions

n Time step

Qnet Netinflow into cell

r Radialdistance

RF Rainfall intensity

Stx, Sty Friction slopesn X, y directions

S Maximumslopeof watersurface

T Totalruntime

t Time

u, v Watervelocitiesin x andy directions

\ Magnitudeof flow velocity vector
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Variable

Definition

Vi+%,j

Xy

z

a

B

AA
AX, Ay
At

P Gy

Volumeof watertransferrecbetweercells (i, j) and(i +1/2, j)
Cartesiarcoordinates

Groundelevationabove datum

Time weightingfactor

non-dimensionalime step= % whenAx = Ay.

Areaof cell

Lengthof spatialdiscretization

Time step

Percentagerrorin onetime step
Dimensionlesspacediscretizationor phaseanglefor x andy discretizationsde-
finedaskAx andkyiAy.

Theslopebelaov which the flow ratecanbe neglectedin thearea.

Wave lengthof a Fouriercomponenbdf the solution.

21



FIGURES

Figurela: Contourplot of watersurfaceelevationsafter 12 days.

Figurelb: A crosssectionof Figurelathroughthecenterafter12 days.

Figure2: Runtimesneededor thetestproblemat differenterrorlevels.

Figure3: Variationof the run time with maximumerrorand for the explicit model.

Figure 4: Variation of maximumerrors(solid symbols)andrun times (empty symbols)with (3
usingall four modelswhen@ = 0.31. Solid anddashedines shav the trendsin errorsandrun
timesrespectiely. NotethatADI andSORsymbolscoincide.

Figure5: Variation of maximumerrors(solid symbols)and run times (empty symbols)of the
explicit methodwith 3 and@. Solid anddashedines shawv the trendsin errorsandrun timesre-
spectvely determinedisingregression.

Figure6: Variationof maximumerrors(solid symbols)andruntimes(emptysymbols)of the ADE
methodwith B and@. Dashedinesshawv thetrendsin runtimes.

Figure7: Variationof maximumerrors(solid symbols)andruntimes(emptysymbols)of the ADI
methodwith 3 and@. Solid anddashedines show thetrendsin errorsandrun timesrespectrely
obtainedusingregression.

Figure8: Variationof maximumerrors(solid symbols)andruntimes(emptysymbols)of the SOR
methodwith 3 and@. Solid anddashedinesshow thetrendsin errorsandrun timesrespectiely
obtainedusingregression.

Figure 9: Analytical and experimentalestimatesof numericalerrorsand run times. Solid and
emptysymbolsshav modelerrorsandruntimesobtainedoy runningthemodel. Solid anddashed
linesshowv analyticalestimateof modelerrorsandruntimesrespectiely.

Figure 10: Analytical and experimentalestimatesof numericalerrors(solid lines and symbols,
respectrely) in theexplicit solution,for onetime step.

Figure 11: Analytical and experimentalestimatesof numericalerrors(solid lines and symbols,
respectrely) in the ADI solution,for onetime step.

Figure12: The leastpossibleerrorsfor differentvaluesof ¢. The numberof discretizationger

half sinewave (11/¢) areshavn in the parentheses.
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Tablel: Selectedesultsof simulatedwaterlevelsat the centerof thetestproblemafter 12 days.

TheAx andAt areselectedo limit theruntimein the Sparc20to lessthan4 hours.
Method Levelatcenter(m) At(s) Ax(m)

AXxi-sym 0.442105 2592 3219

Explicit 0.442171 25.31 804.67
ADE 0.44103 506.25 1609.35
ADI 0.44222 8100.0 804.67
SOR 0.44264 2025.0 3218.7
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Figure7: Variationof maximumerrors(solid
symbols)andrun times(emptysymbols)of the ADI methodwith 3 and@. Solid anddashedines

shav thetrendsin errorsandrun timesrespectrely obtainedusingregression.
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Figure8: Variationof maximumerrors(solid
symbols)andrun times(emptysymbols)of the SORmethodwith B andg. Solid anddashedines

shav thetrendsin errorsandrun timesrespectrely obtainedusingregression.
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Figure 9: Analytical and experimentalesti-
matesof numericalerrorsandrun times. Solid and empty symbolsshov modelerrorsandrun
timesobtainedby runningthe model. Solid anddashedines shov analyticalestimatef model

errorsandruntimesrespectiely.
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Figure 11: Analytical and experimentalesti-
matesof numericalerrors(solid linesandsymbols respectiely) in the ADI solution,for onetime

step.
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